We introduce optimal quadrature rules for spline spaces that are frequently used in Galerkin discretizations to build mass and stiffness matrices. Using the homotopy continuation concept [6] that transforms optimal quadrature rules from source spaces to target spaces, we derive optimal rules for splines generated above finite domains. Starting with the classical Gaussian quadrature for polynomials, which is an optimal rule for a discontinuous odd-degree space, we derive rules for target spaces of higher continuity. We further show how the homotopy methodology handles cases where the source and target rules require different numbers of optimal quadrature points. We demonstrate it by deriving optimal rules for various odd-degree spline spaces, particularly with non-uniform knot sequences and non-uniform multiplicities. We also discuss convergence of our rules to their asymptotic counterparts, that is, the analogues of the midpoint rule of Hughes et al. [34] , that are exact and optimal for infinite domains. For spaces of low continuities, we numerically show that the derived rules quickly converge to their asymptotic counterparts as the weights and nodes of a few boundary elements differ from the asymptotic values.
Introduction and motivation
Numerical integration is a basic ingredient of Galerkin discretizations, which are at the core of finite elements and isogeometric analyses. We aim to make this fundamental building block of computation more economical by introducing new optimal quadrature rules for numerical integration.
We derive optimal rules that result in important computational savings and can be used in many applied fields. Due to the popularity and success of isogeometric analysis in many relevant engineering applications [3, 7-10, 12-15, 18, 19, 24, 26, 28, 30-33, 35, 38, 39, 46-49] , we focus on spline spaces, which are piece-wise polynomial functions with controlled global smoothness [20, 41] . Thus, we derive optimal (Gaussian) quadrature rules for spline spaces of arbitrary order and continuity.
A spline space is uniquely determined by its knot vector. This knot vector is a non-decreasing sequence of real numbers called knots and the multiplicity of each knot determines the smoothness of the polynomial pieces at the knot location. A detailed introduction on splines can be found, e.g., in [17, 22, 27] .
We call a quadrature rule, or simply a quadrature, an m-point rule, if m evaluations of a function f are needed to approximate its weighted integral over a closed interval [a, b]
where w is a fixed non-negative weight function defined over [a, b] . The rule is required to be exact, i.e., R m (f ) ≡ 0 for each element of a spline space S. A rule is optimal if m is the minimum number of weights ω i and nodes τ i (points at which f is evaluated). For discontinuous spline spaces (polynomials), the optimal rule is known to be the classical Gaussian quadrature [29] with the order of exactness 2m − 1, that is, only m evaluations are needed to exactly integrate any polynomial of degree at most 2m − 1. Consider a sequence of polynomials (q 0 , q 1 , . . . , q m , . . .) that form an orthogonal basis with respect to the scalar product 
The quadrature points are the roots of the m-th orthogonal polynomial q m which in the case when w(x) ≡ 1 is the degree-m Legendre polynomial [45] . The quadrature rules for splines have been studied since the late 50's [36, 37, 42] . Micchelli and Pinkus [36] proved that, for spaces with uniform continuities, i.e. knots' multiplicities, there always exists an optimal quadrature formula with the following number of necessary evaluations:
where d is the polynomial degree, i is the total number of interior knots (when counting multiplicities), and m is the number of optimal nodes. Regarding concrete optimal quadrature rules over a finite domain, very little is known in the literature. Even though [36] gives a range of knot spans, among which each particular node lies, the set of subintervals is too large to even build the corresponding polynomial system. Therefore, formulating it as an optimization problem is rather difficult as it is highly non-linear and a good initial guess in essential. To the best of our knowledge, however, there is no theory that tightly bounds each node to give a good initialization for the numerical optimization.
For C 1 cubic splines with uniform knots, Nikolov [40] derives a recursive formula that starts at the boundary of the interval and parses towards its middle, recursively computing all the optimal nodes and weights. Computationally, this result is favourable as it computes the nodes and weights in a closed form, i.e., without the need of any numerical solver [2, 25, 43] . We have generalized this result to a special class of spaces built above non-uniform knot vectors [1] , called symmetrically stretched B-splines. Recently, we have described a similar recursive pattern as Nikolov for C 1 quintic spline spaces with uniform knots [5] and derived optimal rules for them. Interestingly, the optimal rules are still explicit, even though five degree polynomials are involved. We proved that there exists an algebraic factorization in every step of the recursion which makes the rule explicit and therefore computationally cheap.
Recently, we demonstrated a relation between Gaussian quadrature rules for C 1 and C 2 cubic splines [6] . We showed that for particular pairs of spaces that require the same number of optimal nodes, the quadrature rule can be "transferred" from the source space to the target space, preserving the number of internal knots in (3) and therefore the number of optimal quadrature points. This transfer relies on the application of homotopy continuation to preserve the algebraic structure of the system as the spline space evolves [50] . Starting with a known optimal rule for a C 1 cubic spline space, the source knot vector X (with double knots) gets transformed to the desired configuration X (single knots). The quadrature rule is considered as a high-dimensional point, and satisfies a certain well-constrained system of polynomial equations. These equations reflect the fact that the rule must exactly integrate all the basis functions defined by X . Using homotopy continuation, the rule is numerically traced as X , and consequently the above-built spline space, continuously transforms to its target configuration X .
For higher degrees than five, we expect to require a numerical solver. But more importantly, to prove the correct layout of nodes (exact pair of knots that tightly delimit every optimal node) does not seem to be feasible at all. From this perspective, homotopy continuation based methods [6] are a feasible approach because the correct layout of nodes comes automatically from the application of the continuation methodology.
In this paper, we further develop the homotopy continuation methodology and derive optimal rules for odd-degree spline spaces. Whereas in the case of C 2 cubic splines defined above an odd number of elements there always exists a C 1 cubic spline space that possesses the same number of optimal quadrature nodes, this is not true in general. For example, for C −1 and C 1 septic spline spaces the counting of degrees of freedom is non-trivial, while optimal rules exist for each particular space. The number of necessary evaluations that satisfy (3) is a strict constraint on the number of source and target elements. However, we show that even for such spaces, the transformation of Gaussian rules is possible for properly chosen element counts. That is, we show that the homotopy concept can be generalized to handle scenarios, where the source and target spaces require different numbers of optimal nodes to exactly integrate each of them.
Figure 1: A hierarchy of spline spaces used when building mass and stiffness matrices. Left: the original spline space of degree p and continuity k is being differentiated l-times. Right: the corresponding spline spaces that contain the appropriate scalar products for Galerkin methods are shown.
The rest of the paper is organized as follows. Section 2 describes the particular class of spline spaces for which the optimal rules are derived, Section 3 summarizes a few basic properties of spline spaces of odd degree and shows possible continuous transformations between them. In Section 4, we show how the homotopy continuation can be used to derive new optimal quadrature rules. Section 5 discusses the results and the validity of the new quadratures obtained. We conclude the paper discussing the results, their relevance and future research directions.
Mass and stiffness matrices for isogeometric analysis
We provide Gaussian quadrature rules for a class of spline spaces that arise when solving elliptic partial differential equations (PDEs). The key idea is to find the smallest spline space that contains all terms appearing when building the mass and stiffness matrices. For each of these spaces, we aim to derive the appropriate Gaussian quadrature rule that accounts for arbitrary knot spacings as well as multiplicities.
Consider a spline space of degree p and continuity k, S p,k , then the Grammian (mass) matrix contains elements from S 2p,k . When differentiating once S p,k , one obtains S p−1,k−1 and, in general when applying an l-th order differential operator, the spline space is S p−l,k−l and the L 2 scalar product of its elements lies in S 2(p−l),k−l . With l differentiations, we obtain a hierarchy of spline spaces as shown in Fig. 1 and the minimal space that contains terms of both mass and stiffness matrices is S 2p,k−l . The first limitation stems in the fact that this space is of even degree. Nevertheless, as is commonly done in finite element theory, we use Gauss rules that are optimal for the smallest higher odddegree polynomials [11, 16, 44] . Therefore, we focus on rules for spline spaces of odd degree d := 2p + 1 and continuity c := k − l for which we derive optimal rules. Example 2.1. Let p = 3, k = 2, l = 1, then we have
The inclusion relations follow directly from the fact that the corresponding knot vectors are nested [23] . In the context of finite elements in 1D, the elements of the mass matrix belong to the (6, 2)-space whilst the scalar products that fill the stiffness matrix belong to (4, 1)-space. To minimize the computational cost and simplify implementation, we choose an optimal rule that can integrate all terms. Thus, we seek the smallest space that contains both (4, 1) and (6, 2) , and is of odd degree, i.e, (d, c) = (7, 1).
Continuous transformations of spline spaces
We recall several properties of spline spaces. Consider a knot vector
and for the sake of simplicity, we split X N := (x, m) into the domain partition x, x ∈ R N , and the vector of multiplicities m, m ∈ N N , and write
We further recall 1
, and d is odd. We denote by π d a space of polynomials of degree at most d and define the spline space associated to X N as
Our goal is to derive a Gaussian rule for this target space S N,d
x,m . To do so, we define an associated source space for which the optimal rule is known. In particular we consider a uniform knot vector with maximum knot multiplicities
and using analogous notation to (5), i.e., X n := ( x, m), we obtain
where h = b−a n , x i = a + hi and m i = d + 1 for i = 1, . . . , n. We define the source spline space as
Our source space S n,d
x, m is chosen to be discontinuous, that is, C −1 continuous space of polynomials because for this space, when d is odd, the classical Gaussian quadrature for polynomials can be used on every element to derive an optimal source rule. An immediate question that arises is how to set n such that the number of nodes is optimal for our target space (6) . To answer this question, we further define the cardinality of the knot vectors as
and require card(X N ) ≤ card( X n ).
We want to transform S n,d
x, m into S N,d
x,m , so ideally, we wish to have the same number of knots. In such a case, the spaces have the same dimension and one can apply the scheme described in [6] where the vectors of the same cardinality were transformed into one another, yielding an optimal rule.
Unfortunately, finding an n such that the equality in (11) holds is not always possible for an arbitrary choice of card(X N ). Nevertheless, one can always build a source space S n,d
x, m such that the total number of knots, card( X n ), exceeds card(X N ) by at most r ≤ d − 1 knots. That is, S n,d
x, m and S
N,d
x,m have different dimensions, with the source having the minimum number of extra basis functions.
We seek optimal rules for target spaces of uniform continuity c, we have
and a direct computation of the dimensions of the source and target space gives
With the sharp inequality in (11), the Gaussian quadrature in the source space requires more quadrature nodes than the optimal rule for the target space. The key idea is, however, that the r extra knots can be moved outside [a, b] which will force r basis functions to loose their support on [a, b], see Fig. 2 .
We further define
, the basis of S n,d
x, m , as
where [.] f stands for the divided difference and u + = max(u, 0) is the truncated power function and k = 1, . . . , n. Because of the maximum multiplicity d + 1 at each knot of the knot vector X , see (7), D k are the Bernstein basis functions of degree d, see Fig. 2 top left, and therefore where I[f ] stands for the integral of f over the interval [a, b] , see e.g. [27] .
For the C c -continuous target source space S N,d
x,m , i.e., for setting m as in (12),
is built analogously to (14) with the difference that the internal knots possess multiplicity d − c instead of d + 1. However, as already mentioned, the dimensions in general do not match
but we still want to find a continuous transformation of S
Our aim is to transfer the optimal rule from S n,d
x, m to S N,d
x,m . We show now how to set the source space such that the transformation to the target space admits the optimal quadrature node count (3) on [a, b]. For example, for c = 1, to satisfy the desired inequality of the dimensions in (16), we set
where · is the ceiling function and therefore n is the smallest integer that satisfies (16) .
x,m ) is even because both sides of (16) are even for odd d. Consequently
Remark 1. For a general vector of multiplicities of the target space, one has to adapt n in (18) accordingly. The parity of r stays even for any target spaces of constant odd continuity C c , because the right-hand side of (16) is even for any odd c. For even c, one needs additionally N to be odd, in order to be in accordance with the optimal count of Micchelli and Pinkus [36] . In this work, we consider only spaces that meet optimal parity count in (3), i.e., require m nodes to exactly integrate functions from a spline space of dimension 2m.
We have shown how to find the smallest n such that the source space has larger or equal dimension than the target one and that the difference of dimensions is always even. This parity allows us to derive optimal quadrature rules. The difference r is the number of redundant basis functions that do not to contribute to the target rule. Therefore, the number of nodes that should become redundant during continuation is We recall the fact that the external knots and the dimension differences between the source and target spaces are both equal to r and the total number of knots of Additionally, the right boundary b has multiplicity d + 1 in X N . Without loss of generality, we assume knot transformations where all r boundary knots will leave the domain at b and r interior knots move from the inside to b, see Fig. 3 . There exist infinitely many knot transformations that satisfy (17) . In particular, we consider transformations in which every pair of mutually corresponding knots (
. . , card(X N ) follows the shortest path between X n and the corresponding subset of X N (with the same cardinality), when measured by the Euclidean metric in the knot vector space. This path is linear in time and is called geodesic, see [6, page 5] .
There also exist infinitely many possible moves for the r extra knots outside b. To simplify the analysis, we assume that all the r knots coincide at the target configuration, and we set the distance from b as 1 N . That is, the boundary knot of multiplicity r is also moved in a geodesic fashion by the size of one element, see Fig. 3 .
Gaussian quadrature via homotopy continuation
In this section, we derive optimal quadrature rules for spline spaces with various polynomial degrees and continuities. We derive optimal rules from other optimal ones as recently introduced in [6] and refer the reader to that work for a more detailed description of the methodology.
Gaussian quadrature
We consider an odd-degree source space S n,d
x, m with an optimal quadrature formula
, and the nodes are the n-tuples of the classical polynomial Gaussian points computed on every element [ x i−1 , x i ], i = 1, . . . , n. This source rule is optimal and unique, and assumes that each polynomial space is discontinuous at each element interface.
Consider the target space S N,d
x,m with the multiplicity vector defined in (12) and let r be the even dimension difference between the source and the target spaces, see (19) . Then, according to [36] , there exists an optimal target rule
Thus, we have guaranteed existence of optimal rules for the source and target spaces, even though one space requires m and the latter only m − r 2 optimal nodes. However, to the best of our knowledge, there are no theoretical results on existence of Gaussian quadrature for spaces with non-uniform continuities. We therefore only conjecture that there also exists an optimal rule for any intermediate knot vector and, consequently, for any intermediate spline space. Our numerical results, see Section 5, support this claim.
As the source space gets transformed into the target space by continuously modifying the knot vector, via (17), our goal is to trace the known source rule to derive an optimal rule for the target space. Therefore Q, represented by its nodes and weights, is a function of time t, t ∈ [0, 1]. To simplify notation, if no ambiguity is imminent, we omit the time parameter and write τ i instead of τ i (t). The source rule is Q = Q(0) and the target rule we wish to derive is Q = Q(1).
Homotopy continuation
Polynomial homotopy continuation (PHC) is a numerical scheme commonly used to solve polynomial systems of equations [50, 51] . Given a polynomial system F(x) = 0 that we want to solve, the method uses the known roots of a simpler polynomial system (source) F(x) = 0 which is continuously transformed into the desired (target) solution. We can therefore write
that at t = 0 is the system whose roots we know, and at t = 1 is the target system we aim to solve. We refer the reader to [50] for a detailed explanation of PHC. For the sake of completeness, we now briefly review the homotopic setting in the context of quadrature rules [6] : the quadrature rule Q (the nodes and weights) is encoded as a high-dimensional point
our source 2m × 2m polynomial system F(x, 0) = 0 expresses that the source rule Q (21) exactly integrates the source basis D, that is,
and the source root r that solves (24) is the classical polynomial Gaussian rule computed on every element. At every instant, a certain domain Ω ∈ R 2m bounds the root. For the source domain Ω ⊂ R 2m we know that every element contains d+1 2 nodes and therefore 
As the source space continuously evolves to the target one, the system F(x, t) = 0 continuously changes too, and so does Ω(t). The root r(0) of F(x, 0) = 0 is numerically traced and the root r(1) of F(x, 1) = 0 is returned. We refer the reader to [6, Section 4] for a detailed description of this numerical tracing.
Limiting algebraic system
We now discuss the behavior of the polynomial system (23) as t → 1. We already know from our homotopic setting (19) that r knots and consequently r basis functions leave [a, b] . These r functions loose their support on [a, b] by moving x N −1 → b, see Fig. 2 . However, the optimal rule still has to exactly integrate these r basis functions for any instant t < 1 (x N −1 < b), and hence r 2 nodes of the optimal rule must lie in (x N −1 , b). Therefore, as
Additionally, we observe the following: consider, e.g. r = 2, the last basis function D 2m with a non-zero support over knots
and denote h := b − x N −1 . D 2m has a root of multiplicity d at x N −1 and therefore, by Taylor's theorem, there exists c 1 = 0 such that
and consequently
over [a, b] . Since the rule must integrate exactly D 2m as h → 0, we obtain from (28) and (29) that ω m → 0. A similar logic applies to the remaining r − 1 basis functions. The last r equations of the system (23) become ill-posed (0 = 0) as h → 0. However, the above described observations, supported also by numerical results shown in Section 5, allow us to reduce the system by these r equations to a well- Fig. 4 . The source rule starts with m = 8 nodes while the optimal target rule requires only 7 nodes. As t → 1, τ 8 → b, i.e., this node looses its relevance on [a, b]. We display the evolution of the weights as a set of space curves, showing that also w 8 → 0 as t → 1.
The error of the rule Q is measured in terms of the Euclidean norm of the vector of the residues of the system (24), normalized by the dimension of the system
The optimal count of the quadrature points (3), for uniform C c -continuous spaces consisting of N uniform elements, becomes
As N → ∞, this count determines a certain nodal pattern. That is, a number of optimal quadrature points required per element. For example, for d = 5, c = 1, Eq. (32) gives a two-nodes pattern per element. Moreover, as N → ∞, we have one-element repetition for odd continuities and a two-element repetition for even continuities. Our rules over finite number of elements N converge to their asymptotic counterparts, thus we classify the derived rules according to these repetition patterns.
Optimal quadrature rules for uniform, C 1 -continuous spaces
Here, the original spline space is C 2 continuous, i.e., k = 2 in Section 2. The optimal asymptotic rules, i.e., when N → ∞, have a simple pattern: for degree d = 2s + 1, Eq. (32) gives an s-nodes pattern per element. We now show how the derived rules for finite intervals [0, N ] converge to this asymptotic pattern.
For uniform quintic spaces, we have recently derived a close form formula that computes recursively the optimal nodes and weights [5] . Our exact solution validates the scheme we describe herein. Table 1 displays the results derived by our homotopy continuation method which match the analytic solution with the precision of 20 decimal digits, cf. Fig. 16 and Eq. 39 in [5] . The nodes of the asymptotic rule are the knots and the midpoints of the elements, respectively, and their weights are In Table 1 , we observe a fast convergence of the derived rule to the asymptotic counterpart since only the nodes and weights on the first four elements differ from the asymptotic values. C 1 Septics, d = 7, c = 1. For uniform septic spline space, our optimal quadrature rule with N = 30 elements is shown in Fig. 5 top, see also Table 2 . For this space there is not explicit Gaussian rule to validate our method against. We see again that only nodes and weights on a few boundary elements differ from a regular pattern formed inside the interval. In the asymptotic setting, i.e., when integrating over a whole real line (N = ∞), Eq. (32) gives us that three nodes per element are required. We build the asymptotic system similarly to [34] . Due to the symmetry of the basis functions, one set of nodes are the knots and the other lie inside the elements, arranged symmetrically with respect to the elements' midpoints, see Fig. 5 bottom. The position of the nodes lying inside the elements is determined by d 1 and, for the particular (normalized) setting x i = 0 and x i+1 = 1, we obtain the asymptotic system for the interior node and weight as 
where h is the size of the element and d 1 is the limit value from (35) . From Table 2 , we observe a fast convergence of our rule computed for N = 30 to its asymptotic counterpart (37) . With the precision of 20 decimal digits, only the nodes and weights on the first four elements differ from the asymptotic values. This limit rule requires only three Gaussian points per element whilst the classical polynomial Gauss (used as our source rule) requires four nodes per element. From Table 2 , we also conclude that for spaces S . The position of the nodes lying inside the elements is determined by d 1 . The system for the interior nodes with x i = 0 and x i+1 = 1 is shown in (34). Figure 6 : Four-node patterned rules. Top: optimal rules for C 1 nonics, d = 9, c = 1 over finite domains [0, N ] for N = 6, 7 are shown. The layout of the optimal quadrature rules (green dots) converges to the asymptotic pattern (bottom). In this limit case (N = ∞), one set of nodes becomes the knots, another becomes the elements' midpoints, and the last set of nodes lies inside, determined by the distance d 1 , see (38) . Table 2 for the first five elements and for all the remaining interior elements use the asymptotic rule (37). C 1 Nonics, d = 9, c = 1. Examples of optimal rules for nonic splines with uniform knot vectors for various number of elements are shown in Fig. 6 . We Table 3 : Nodes and weights for Gaussian quadrature rules (22) #el. again observe the convergence to the asymptotic four-point rule
(38) where
was computed numerically with N = 20 elements.
Optimal quadrature rules for uniform C 0 -continuous spaces
For these spaces, the asymptotic configuration forms a two-element repetition. That is, the count of optimal nodes (32) for N = ∞ becomes "odd = 2m". Therefore the number of nodes per element is not constant as in Section 5.1, but repetitively changes on odd and even elements. (34), one can build an algebraic system of equations for the asymptotic configuration. Solving such a system, the asymptotic 2.5-nodes-per-element rule is
where
The asymptotic rule is shown in Fig. 7 bottom. A fast convergence of the rules for finite domains to the asymptotic counterpart is shown in Table 4 where for N = 11 only the nodes and weights on the first element differ from the asymptotic values. We conclude that for N > 11, the optimal rule at hand consists of the first element block (lines 1 to 3) in Table 4 and the asymptotic 2.5-nodes-per-element rule (40) . C 0 Septics, d = 7, c = 0. Fig. 8 shows optimal rules for C 0 -continuous septic splines with uniform knots for various number of elements N . Analogously to (37) , one can derive the asymptotic rule for this case. The asymptotic pattern is 3.5 nodes per element. For the three-nodes elements, the asymptotic system For the four-nodes elements, one builds a 4 × 4 system (2 nodes and 2 weights as the unknowns) and, using a computer algebra software to factor the system, the problem reduces to a univariate polynomial
where its roots are the positions of the nodes on the unit interval. Computing these roots numerically, we obtain
which match our results with 20 decimal digits, see Table 5 . The corresponding weights can be computed accordingly, however, their explicit formula (compared (32), and for N = 11 the layout of nodes already approaches the asymptotic pattern, see also Table 5 , repetitively changing from three to four. to (42)) is tedious and we skip it for the sake of brevity. From Table 5 , we again observe a very fast convergence to the asymptotic configuration (N = ∞) and, with precision of 20 decimal digits, only the nodes and weights in the first element (lines 1 to 4 in Table 5 ) differ from the asymptotic values. We conclude that for N > 11, the optimal rule is given by the values for the first element and the repetitive 3.5 pattern (lines 5 to 11 in Table 5 ). C 0 Nonics, d = 9, c = 0. From Table 6 , we again observe a very fast convergence to the asymptotic configuration (N = ∞) since the 4.5-node-per- Table 6 : Nodes and weights for Gaussian quadrature rule (22) element rule differs from the asymptotic counterpart only on the first element. We emphasize here, that the asymptotic rules are exact only when the integration domain is a whole real line. However, our rules which are exact and optimal over finite domains quickly converge to their asymptotic counterparts for low continuities. That is, the nodes and weights on only first few boundary elements differ from the asymptotic values. Therefore, one can use our nodes and weights computed on the first few boundary elements combined with the asymptotic values for the intermediate intervals.
Optimal quadrature rules for spaces with higher continuities
For quintic splines with c = 0 and c = 1 (see Tables 4 and 1) , the optimal nodes and weights differ from the asymptotic counterparts only on the first and on the first four boundary elements, respectively. Higher continuity, however, drive the nodes and weights on significantly more boundary elements to differ from the asymptotic rules. C 2 Quintics, d = 5, c = 2. Fig. 9 shows two rules over finite domains for N = 11 and N = 21, and the asymptotic rule (N = ∞) that requires 1.5 nodes 
where d 1 is the smallest positive root of a univariate polynomial The derived rule for N = 31 is shown in Table 7 . For this c = 2 case, we also observe convergence to the asymptotic rule (43), however, the convergence is significantly slower as 15 boundary elements are required to achieve a precision of 16 decimal digits.
Even slower convergence is shown in Table 8 . The asymptotic rule requires one node per element (midpoint) and the limit weight is also one. The rule is computed for the same number of elements as in the c = 2 case, (N = 31, cf. Table 7 ), but here the nodes and weights on the 15-th element meet the asymptotic values with only 10 decimal digits. 
Optimal quadrature rules for spaces with non-uniform knots and continuities
So far, we focused only on the target spaces with uniform knots, however, the homotopy continuation method is well-suited for non-uniform knot distributions. The evolution of the Gaussian rule for a particular target spline space with both non-uniform knot partitions and multiplicities is shown in Fig. 10 . The continuity varies across the elements (from C 0 to C 2 ). The corresponding nodes and weights derived by our algorithm are listed in Table 9 , showing also the errors of the rule measured by (31). Table 10 shows the summary of the derived optimal rules for spline spaces of various degrees and continuities over finite domains. Where applicable, it also shows the corresponding asymptotic formulae and displays the number of boundary elements which differ, up to machine precision, from the asymptotic values. From Table 10 , we conjecture that the convergence to the asymptotic rules depends on continuity rather than on polynomial degree. While for low continuities (C 0 and C 1 ) only a few boundary elements differ from the asymp- , 1, totic values, for higher continuities one needs significantly more elements and it is therefore less convenient to be combined with the asymptotic counterparts.
Summary of the derived rules
The results in all the tables show the errors of the derived rules using the Euclidean metric on the vector of residues, r , when applied to the basis functions. Even though this already measures quality of the rule, it is informative to see the actual error of the rule when applied to a function from the space under consideration. We tested our rules against random functions from the particular spline spaces. Few examples are shown in the Appendix. In all our tests, the exact integrals and our quadrature rules match up to sixteenth decimal digit. 
Conclusion
We introduce a new methodology to compute Gaussian quadrature rules for spline spaces that are frequently used in Galerkin discretizations when building mass and stiffness matrices using isogeometric analysis. The rules use the minimum number of quadrature points, and are exact when integrating over finite domains. Starting with the classical Gaussian quadrature for polynomials on a specifically designed mesh, the optimal rule is interpreted as a zero of a particular polynomial system. We use homotopy continuation to numerically trace the Gaussian quadrature rule for a target space as the knot vector, and consequently the whole spline space, is continuously modified. We show that the methodology handles scenarios where the source space and the target space possess different numbers of optimal quadrature points.
The numerical examples demonstrate that the methodology is able to find optimal quadrature rules on spline spaces of various degrees and continuities. We show numerically that our rules satisfy very tight numerical thresholds and therefore are exact to machine precision. We discuss the asymptotic behavior as N grows and show the convergence to the asymptotic rules (for some spaces derived in [34] ), where the integration domain is a whole real line. For lower continuity cases, see Table 10 , we numerically show a fast convergence to the asymptotic layout and therefore only the nodes and weights on the first few elements differ from the repetitive asymptotic pattern. Consequently, a combination of the derived nodes and weights together with the proper asymptotic rule forms a quasi-repetitive pattern that is convenient and easy to implement. We believe the optimal rules derived here could become standard in IGA-oriented software such as PetIGA [21] , which so far uses classical polynomial Gaussian quadratures that are suboptimal.
Gaussian quadrature rules for C 2 and C 3 septic spline spaces are shown in Tables 11 and 12 , respectively. We observe a slow convergence to the asymptotic counterparts. With fixed number of elements N = 31, for c = 2, the nodes and weights on the first fourteen boundary elements differ from the limit values by more than machine precision in Table 11 . On the contrary, for c = 3 in Table 12 , the nodes and weights on the 14-th element match the asymptotic values by only 12 decimal digits. Figure 11 shows results of a numerical test of our quadrature rule when applied to two functions from the spaces under consideration for d = 7, c = 1, N = 11. The first function was generated randomly by sampling its spline coefficients, the second one is a polynomial of degree seven. Figure 12 shows two random function for d = 5, c = 0, and N = 3, 5. The actual error ε between the derived rules and exact (symbolic) integrals are shown. #el. 
